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Introduction 

Corings were introduced by Sweedler in [2HJ - A coring over an associative algebra with 
unit over a commutative ring k, A, is an A-bimodule £ with two A-bimodule maps A<r : 
£ — > £ ®a £ (comultiplication or coproduct) and : £ — > A (counit) such that the same 
diagrams as for coalgebras are commutative. Recently, corings were intensively studied. 
The main motivation of this studies is the observation of Takeuchi, [HI 32.6], that relates 
entwining structures (resp. entwined modules) with corings (resp. comodules over corings). 
For a detailed study of corings, we refer to [Sj- 

Comatrix corings were introduced for the first time in |12j . In j^j, the authors have 
given another definition and some properties of them. 

In this paper we extend comatrix coring to the case of quasi-finite comodules, and also 
we extend some of its interesting properties given in 0. Suppose that ^£ and are flat. 
Let X G e \M s and A G ^M^ and suppose that —O^X is a left adjoint to —Do A. If <t A 
and Db are flat and e;X, j>A are coflat, or A and B are von Neumann, or if £ and D are 
coseparable, then the 5-bimodule An<rX is endowed by a structure of £>-coring (Theorem 
12.1)1 . The coproduct is 

A : AD € X -=->■ ADJCn^X) Aac(lpacX l AQ^ATJ^ApeA:) — ^ (ADcJf )D !D (AO c A') 

p 

(AD C A) ® B (AD € X), 

and the counit is e = e 2 o uj : AD £ X *» B ■ 

The most important property of this coring is the following. Let A G ®A4 € be a 
bicomodule, quasi-finite as a right £-comodule, such that and #2) are flat. Set X = 
h c (A,C) G 3 M £ If 
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(a) €a and Db are flat, the cohom functor hg;(A, — ) is exact and xA is coflat, or 

(b) A and B are von Neumann regular rings and the cohom functor h<r(A, — ) is exact, or 

(c) <£ and D are coseparable corings, 

then the canonical isomorphism 5^ : e^{h) >■ AD^A is an isomorphism of 5-corings (see 

Proposition I2.4|) . We think that, under these conditions, this coring isomorphism give a 
concrete description of the coendomorphism coring even in the case of coalgebras over fields. 
Indeed, let G be a coalgebra over a field k, and let A e M° be a quasi-finite and injective 
comodule. Then ec(A) ~ AD c -h c -(A,C) as coalgebras (the case (b)). We also think 
that the last isomorphism give a more concrete characterization of equivalence between 
categories of comodules over coalgebras over a field, than that of Takeuchi ■ of course, 
this characterization of the coendomorphism coring is also useful in the characterization of 
equivalence between categories of comodules over corings. Indeed, in Section 3, we study 
equivalences between categories of comodules over rather general corings. We generalize 
and improve (using results we give in (3U|) the main results concerning equivalences between 
categories of comodules given in PQ and We also give new characterizations of 
equivalences between categories of comodules over coseparable corings or corings [3U] with 
a duality. We apply our results to the particular case of the adjoint pair of functors 
associated to a morphism of corings over different base rings jHj. Finally, when applied to 
corings associated to entwining structures, and that associated to a G-graded algebra and 
a right G-set, we obtain new results concerning entwined modules and graded modules. 
We think that our result, Theorem 15. 4^ is more simple than that Del Rio [2U Theorem 
2.3]. 

The paper is organized as follows. In Section ^ we give some useful definitions and 
notations. In Section |21 we generalize comatrix corings introduced in and and we 
generalize also some properties given in JBj. Section|3]is devoted to the study of equivalences 
of comodule categories over corings. Our results given in [3U] and Section |21 will allow us 
to generalize and improve the main results in both £Q and [H] (see Propositions 13.11 13.41 
Theorems 13.61 13. 7|) . and also to give new results concerning equivalences of comodule 
categories over coseparable corings (see Propositions 13.11 13.4[ Theorems 13.61 13. 8|) and over 
corings over QF rings f Theorem 13.1 4 j) . Obviously our last theorem generalizes Theorem 
3.5] and PjJ Corollary 7.6]. In Section^J we deals with the application of some of our results 
giving in Section |3] to the induction functor. In Section we apply some of our results 
giving in the previous sections to the corings associated to entwining structures, and in 
particular those associated to a G-graded algebra and a right G-set, where G is a group. 

1 Preliminaries and basic notations 

Throughout this paper and unless otherwise stated, k denote a commutative ring (with 
unit), A, A', A", and B denote associative and unitary algebras over k, and £, and 
D denote corings over A, A' , A", and B, respectively. 
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A category C is said to be k-category (called A;-linear category in [23 1.0.1.2]) if for 
every M and N in C, Honic(M, N) is a fc-module, and the composition is fc-bilinear. An 
abelian category which gory is said to be k- abelian category. A functor between 

^-categories is said to be k-functor or k- linear functor if it is fc-linear on the fc-modules of 
morphisms. A functor between /c-categories is said to be a k- equivalence if it is fc-linear 
and an equivalence. 

We recall from [28J that an A-coring consists of an A-bimodule € with two A-bimodule 
maps 

A : £ -»• € ® A £, e : £ ^ A 

such that (C ® A A) o A = (A ® A €) o A and (e <S)a £) o A = (£ <g> A e) o A = l € . A 
ng/ii comodule is a pair (M,pm) consisting of a right A-module M and an A-linear 
map p M : M — > M (&a £ (coaction) satisfying (M ®^ A) o p M = (p M ® A £) o p M , and 
(M ®^ e) o p M = 1 M . A morphism of right (£-comodules (M,p M ) and (N,p N ) is a right 
A-linear map / : M — > iV such that (/ <8u <£) o p M = pn ° f ■ The ^-module of all 
such morphisms will be denoted by Hom^M, N). Right £-comodules together with their 
morphisms form the fc-category Ai^. Coproducts and cokernels (and then inductive limits) 
in Ai € exist and they coincide respectively with coproducts and cokernels in the category 
of right A-modules AAa- If a& is flat, then it is easy to show that the subcomodules of 
£. n , n G N, form a family of generators. Hence, if a& is flat, then the category AM 1 is a 
Grothendieck category. The converse is not true in general (see |13| Example 1.1]). When 
£ = A, with the trivial A-coring structure, Ai A is the category of right A-modules A\a- 

Now assume that the A' — A-bimodule M is also a left comodule over an A'-coring £! 
with structure map Am : M — ► <£' ®a' M. Assume moreover that pu is A'-linear, and X M 
is A-linear. It is clear that pu : M — > M ® A £ is a morphism of left £'-comodules if and 
only if Am : M — > €! ®a' M is a morphism of right £-comodules. In this case, we say that 
M is a C — £-bicomodule. A morphism of bicomodules is a morphism of right and left 
comodules. Then we obtain a ^-category e Ai € . If in particular (£' = A' , <£ = A, then c Ai^ 
is the category of A' — A-bimodules a'AAa- 

A coring £ is said to be coseparable [T3] if the comultiplication map A^ is a section in 
the category ^Ai^. Obviously the trivial A-coring £ = A is coseparable. We refer to [8 for 
the definition and basic properties of the notions: coendomorphism coring, cosplit coring, 
and Frobenius coring. 

Let Z be a left A-module and f : X —>■ Y & morphism in A4a- Following [HI 40.13] we 
say that / is Z-pure when the functor — <S>a Z preserves the kernel of /. If / is Z-pure for 
every Z G a-M- then we say simply that / is pure in A4a- 

A bico module N G € A4® is said to be quasi-finite as a right D-co module if the functor 
— ®a N : Ma — »■ M® has a left adjoint h%>(N, — ) : Ai® — > .Ma, and we call it the cohom 
functor. If cj^jv := py ®a N — Y ®a^n is 2) ®b £>-pure for every right (£-comodule F (e.g., 
bS) is flat or (£ is coseparable) then is quasi-finite if and only if — D^N : Ai € — > A^® 
has a left adjoint, which is also denoted by h^iV, — ) [TU Proposition 4.2]. In particular 
(2 = B), a C - 5-bimodule AT is quasi-finite as a right i?-(co)module if and only if aN 
is finitely generated and projective. The cohom functor is — ®b*N : Ais — ¥ M-a, where 
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*N = Hom A (iV, A). 

Recall from Exercise 19.19], that a module A W is said to be completely faithful if 



Ann M {W) := {m G M \ m ® A w = in M ® A W for all w G W} = 0, 

for every right A-module M. It follows from [201 Proposition II. 7.2], that a module A W is 
completely faithful if and only if the functor — ®a W is faithful. 
Finally, the notation <g) will stand for the tensor product over k. 

2 Comatrix coring generalized 

In this Section we generalize the concept of comatrix coring defined in jH] and ^2] to the 
case of a quasi-finite comodule, and generalize some of its properties. 

At first we will recall the definition of the cotensor product of comodules. Let M G £ ' -M c 
and N G € M € " . The map 

um,n = Pm®aN - M ® A \ N ■ M ® A N -> M ^C^JV 

is a €! — C'-bicomodule map. Its kernel in A /Ai A n is the cotensor product of M and N, 
and it is denoted by MD^N . If u>m,n is CC^-pure and ^"£"-pure, and the following 

ker(a;M,7v) ®A" <£" ®A" <£", £' ®A> £' ®A> ker(a> M ,jv) and <£' <gU' kerfw^v) <8U" £" (1) 

are injective maps, then MD^Af is the kernel of u>m,n m This is the case if uJm,n is 

(£' C)^'"P ure 5 A"{&' ®A" <£")-pure, and £' is ^"(f'-pure (e.g. if €f A , and a"^" 

are flat, or if € is a coseparable ^-coring). 

If for every M G c .M £ and iV G ^.M 2 , o;m,w is C A ,-pure and ^"C"-pure, then we have 
a /c-linear bifunctor 

-□ c - : C '.M C x ff .M £ " C '.M C " • (2) 

If in particular and A "<£" are flat, or if £ is a coseparable A-coring, then the bifunctor 
(J2J is well defined. In the special case of £ = A, we have — □<£— = — <8u — . 

The conjunction of (301 Proposition 2.7] and the following result generalizes [HI Theorem 
2.4]. 

Theorem 2.1. Let X G ^.M® and A G S .M C . Assume that at least one of the following 
conditions holds 

(1) (a) A <L, #25, (£ A andDs are flat, 
(b ) nX and ©A are coflat; or 

(2) A and B are von Neumann regular rings; or 

(3) A <£, b2) are flat, and £ and D are coseparable corings. 
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// there exist bicolinear maps 

ip:€^ XD^A and u : AD C X -> D 
in and 55 respectively, such that the diagrams 

A — 



□a A 



ADeATDsA XD 



2) 



xa 



tow 



^CDcX 

V>n £ x 
■Xa^AD^X 



(3) 



commute, then AD<rX is a B-coring with coproduct 

A : AD^X AD £ (£D £ X) ADg(v,DgX l An £ ((Xn s A)n £ X) — (AD £ X)D s (An ( rX) 



(AD £ X) ® B (AD € X), 



and counit e = o u> : AD^X 



B 



Proof. By the bice-linearity of ip, we have the commutativity of the two diagrams 



— — *- _*E££* (XD V A)D € € 




{xn v A)n € <t- 



(XD s A)n £ (XD s A) 



(4) 



t - — <cn e c w > cn c (xn s A) 



(XDsjA) 



£n c (XD a) A) 



V>D £ (XDj, A) 



(xn s A)n £ (xn S) A). 



(5) 
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Therefore, we have the commutativity of the diagram 



AD*X- 



■ An € <En<rX 



AO & ipn c x 



AD C €D € X 



(AD c X)Dj3(AD € X) 



(An<rX)n s (AD £ X) 



(An c cn e x)n S) (An c jf) 



(An £ x)n2)(An £ x)n s (An £ x) 

(An £ x)n s (An £ (rn £ x) 



Hence the coassociative property of A follows. On the other hand, if we put i : (AD ( rX)nx)(An ( rX) 
(ADgX) £g>B (AD<rX) the canonical injection, we have, 



[(eo (AD e A)] o j o (ADc^DcX) o [ADeX-^ADeCDeX] 

= [e B g) B (AD £ X)] o/o (wD !C (An & X')) o (An € ipn € X) o [ADcX-^AneCDeX], 

where %' : DDj^ADirX) =— > 5) ®^ (ADgX) is the canonical injection. 
The first diagram of (jHJ) is commutative means that the diagram 



(6) 



AD C £- 




commutes. The composition of morphisms 

A-^ADcC-^A-^SQoAc -2) ® B A eg0aA > £? ® B A 



is exactly the morphism [Ah> 1 b (g> B A]. Then, 



Analogously, by using the commutativity of the second diagram of (J3J), we complete the 
proof of the counit property. □ 

Let N G ^M.® be a bicomodule, quasi-finite as a right iD-comodule, such that #2) is 
flat or £ is a coseparable A-coring. Let T be a ^-algebra. 
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We will give an other characterization of the natural isomorphism (for its definition we 
refer to [3*U]): 

T_,_ : - ® T h 3 (iV, -) -> hv(N, - (g) T -) 
associated to the cohom functor h^(N, — ) : — > 

Let 6* : l^s) — > h%)(N, — ) ® A A?" be the unit of the adjunction (hj)(iV, — ), — ®a N). 
Let M G T A^ S and W £ M T . Since the functors h®(N, -) : A 1 ! 35 -> A1 A and - ® A N : 
— > .M s are /c-linear and preserve inductive limits, then the functor h^(N, — ) £g> A AT : 
MP — > A^ 3 is also ^-linear and preserves inductive limits. By Lemma 3.2(1)], 9m is 
a morphism in T Af s . Define 

Z w ,m ■ h 3 (iV, VP <g>r M) -> VP ® T hj>(iV, M) 

to be the unique morphism in Ai A satisfying (Ew,m <8U N)9w® t m = W ®t 9m- We have 

Pw® T hv(N,M) ®aN -(W ® T h®(N, M)) ® A A J (W T 0m) 



(ph s (N,M) ®aN -hv(N,M) ® A X N )9 M =0. (7) 



Then lm(W (g) T 9 M ) C (W <g> T h s (Af, Af)D e iV, and by the proof of O Proposition 4.2(1)], 
^w,m is a morphism in A4 C . Now we will verify that is a natural transformation. 

For this, let / : W — > W be a morphism in Ai T . We will verify the commutativity of the 
diagram 

h s (N, W ® T M) — * W ® T h s (iV, M) 



W ® T h s (A^, M). 



h^AT, W ® T M) ~ W ' M . 
Since # is a natural transformation, the diagram 



VP<g> T M- 



W 7 ® r M ■ 



■h®(N, W ® T M) ® A iV 



commutes. By a straightforward computations we have 



(Z w , >M hv(N, f ® T M)) ® A N 



(/ ® T hs)(A r , M))S WjM ) ® A iV 



By uniqueness, S w ?' iA fhx ) (A r , f ® T M) = (/® T h s (A r , M))S^ M . Finally, we will verify that 
Tt,m = i.e. St,m satisfies the commutativity of the diagram 



h<x)(N, T ®t M) 



■T® T hv{N, M) 



h s (iV,M) 
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(the canonical isomorphism T ® T M - > M is an isomorphism in M®). Since 9 is a 
natural transformation, the diagram 

T® T M 9t ® tM - h s (iV, T ® T M) ® A N 

M hs,(N, M) ® A N 

commutes. It follows from the commutativity of the last diagram and the fact that 9m is 
T-linear, that the following diagram is also commutative 

T® T M h s (iV, T <g> T M) <g> A N 

T ® T h^AT, M) ® A N = h s (iV, M) ® A N. 

By j23l Corollary 3.6.6], Ew,m is an isomorphism, and by a theorem of Mitchell ( |23| 
Theorem 3.6.5]), T^m = H^/ M . 

We obtain then the following generalization of 29, 1.6]: 

Proposition 2.2. Let N G ^M® be a bicomodule, quasi-finite as a right Q-comodule, 
such that is flat or (t is a coseparable A-coring. Let 9 : l M s — > h^(N, — ) ®a iV 
be the unit of the adjunction (h®(iV, — ),— <Su AT), and let T be a k-algebra. If T__ : 
— £g>T hj)(A^, — ) — > hj)(A r , — ®t ~ ) i/ie natural isomorphism associated to the cohom 
functor li£,(iV, — ) : M.® — > A^ c , i/ien Tjy jM - = H^ M , where ^w,m is defined as above. 

As a consequence of the last result we get the following generalization of 1.13]. 

Proposition 2.3. Let N G 11 be a bicomodule, quasi-finite as a right D-comodule, 
such that is flat. Suppose that A £ is flat (resp. Ai € is an abelian category). Let 
9 : l M s — > h S )(A r , — ) ® A be the unit of the adjunction (h^(N, — ),— (g> A N). If the 
cohom functor hj>(A^, — ) is exact (resp. D is a coseparable B-coring), then the natural 
isomorphism 5 (see U). Corollary 3.5]): 

h^(N, -) ~ -□ s h s (AT, ®);M®^ M € 

satisfy the property: 

For every M G MP , 5m '■ hx»(A^, M) — > MDj)hxi(A r , D) is the unique right A-linear map 
satisfying 

(5 M ®a N)9 m = (Mn s 9v)p M . 

Proof. Let M G M®, we have (Hm,s®a N)9m® b i z> = M®b9t>- On the other hand, since 9 
is a natural transformation, (2>m,t>®aN)9 m ® b '£>Pm = (Hm,s ®a N)(h^(N, p M ) ®a N)Q m = 
{i5m ®a N)Qm, where i : MD 3 h^(N, T>) <^-> M ®b hxi(A r , T>) is the canonical injection. 
Therefore, {i ®a N)(5m ®a N)9m = (M ® B 9^)pm. Since % ®a N is a monomorphism ( A A^ 
is fiat), (5 M ®a N)9 m = (MD s 9 s )p M . □ 
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Now we will give a series of properties concerning our comatrix coring. 

Proposition 2.4. Let A G ®A4 € be a bicomodule, quasi-finite as a right d-comodule, such 
that A £ and B D are flat. Set X = h c (A, <£) e ®M £ . If 

(a) £4 andD B are flat, the cohom functor h<r(A, — ) is exact and ^A is coflat, or 

(b) A and B are von Neumann regular rings and the cohom functor h<r(A, — ) is exact, or 

(c) (£ and D are coseparable corings, 
then we have 

(1) 5a '■ e<r(A) >■ AD^A" is an isomorphism of B- corings; 

(%) ° n c(A, Aa) = uj o S A : ec(A) and u> : AO^X ^® is a homomorphism 

of B-corings, where X\ : A — > Dd^A is the left coaction of A, x the counit of the 
adjunction (h.^(A, — ), — OeA) ; and uo is the unique D — D-bicolinear map such that © 
is the counit of the adjunction (— □ l rh l j;(A, €.), — DgA). 

Proof. Let 9 : l M e — > h £ (A, — ) ® B A be the unit of the adjunction (h c (A, — ), — ® B A). 

(1) By mi Theorem 2.3], h c (A, -) ~ -□ c h £ (A, £). In the first case, h c (A, £) is coflat 
as a left £-comodule. By Proposition 3.4], : <t — > h<r(A, (£)Dx)A is a (£-bicolinear 
map. 

From Proposition 12.31 for every M G M € , we have a commutative diagram 

M *- MD € € 

MO € e c 

h £ (A, M)D S A > MD c h c (A, C)D S A. 

From [301 Lemma 2.6], the unit and the counit of the adjunction (— Dgh^A, <£), — DsjA) 
are 

r? : l M z-^ - D e C ~ Dgflg . - □ c h c (A, Cp^A (8) 

and 

e : -□ D An (C h e (A, g) ~ Da " > - . (9) 

To show that 5\ is a homomorphism of 5-corings, it suffices to prove (see [HJ 23.8]): 

(5 A Ob <^a Ob A) o (e £ (A) ® B 9 A ) o # A 

= (AD^DcX Ob A) o [ AD £ X ® B A AD<r£n c A: O b A ] o (5 A ® B A) o Aj (10) 

and 

(e s ® B A) o (w <g> B A) o (<5 A ® B A) o # A = [A— >B® B A], (11) 
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Now we will prove (8). We have, 
(5a 0b $a Ob A) ° (e c (A) ® B 0a) ° #a 



$a ®b ((5 a ®b A) o 6> A ) 



06, 



(An<rX) (&b ((5a ®b A) o # A ) o(5 A ® B A)o6 A 

(AD £ X) ® B ((AD c c ) o p A )] o (AD C # £ ) o p A 

(using Proposition 12. 3j) 

(AD C X Ob AD^c) o (AU € X ® b Pa) ° (AD £ £ ) o p A 

(12) 



On the other hand, by Proposition 
(An € 6 € D € X (g) B A)o[ AD € X ® B A 



+ AD^n^X ® B A ] o (5 a <S) B A) o A 

= (AD £ £ n £ A: 8 B A)o[ AD C A <g> B A -=-»- AD^DcX ® B A ] o (AD € 9 € ) o p A . (13) 

Now, by [14, Proposition 3.4], 9% : € — > hc(A, £) £g># A is (£-bicolinear. Then makes 
commutative the diagrams (jlj) and © (by replacing -0 by 0e). Hence (10) = (11). 
Finally, we will prove (9). 

(e s ® B A) o (uj ® B A) o (<S A ® B A) o 9 A = (e s ® B A) o (u ® B A) o (AD £ # C ) o p A 

(using Proposition 12. 3|) 
= (e» ®b A) o Aa (using the first equality of (J3J)) 

= [A-^S®flA]. 



(2) Since 5 is a natural isomorphism, the diagram 

<5a 



h £ (A,A) — 

h c (A,A A ) 

h € (A,DD^A) 



An<tX 



(©□jDA)n c x 



is commutative. The counit of the adjunction (h c (A, — ), — DjjA) is 

5_n_ a 



h c (A,-Dj,A)- 



□ajADcX- 



(14) 



Then, xv o hc(A, A A ) = [ D ] o (DD^u) o (A A DeX) o 5 A . 

Since u; is left ©-colinear, and Xao € x = AaD^X, and from the commutativity of the 

following diagram 



AD € X- 



■SD S (AD € X) 



A 



An c x 
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X2)oh(r(A, Aa) = uo§ A . Finally, by |T2"1 Proposition 5.2], it is a homomorphism of 5-corings. 
Hence, u) is also a homomorphism of S-corings. □ 



Example 2.5. Let a£ and b£) be flat. Let (</?, p) : £ — * 2) be a homomorphism of corings. 
Suppose that and D b are flat and s(-B<8u£) is coflat, or £ and D are coseparable corings. 
Then, we have (— <S>a B, —D s (B ®^ €)) is an adjoint pair, and — ®^ B ~ — □ e; (£ <8u 5) 
(see the proof of [30, Theorem 4.1]). By 8, 23.9], the comatrix coring (B ® A £)n € (£(g) A B) 
(~ e<r(B ®a £)) is isomorphic (as corings) to the coring B<LB (see [HI 17.2]). 

Theorem 2.6. Let a£ be flat. Let A G £.M C 6e a bicomodule, quasi-finite as a right 
<L-comodule. Set X = h<r(A, C) G £ M.b- If £a is flat and the cohom functor h<r(A, — ) is 
exact, or if € is a coseparable coring, then we have 

(1) The functor — ®b A : M.b ^ M 11 is separable if and only if the comatrix coring ADgX 
is a cosplit B-coring. 

(2) If the cohom functor h<r(A, — ) is separable then the comatrix coring ADgX is a cosep- 
arable B-coring. 

(3) If — <8>b A : A4b —* -A4 € is a Frobenius functor, either Xb is flat and A<r is coflat 
or (£ is coseparable, and if for all f G (A\3<rX)* and all b G B, bH(f) = H(f)b, 

where H : (ADgX)* *- AD C X is the isomorphism defined by (JTTJ) (this is the case 

if AO ^X is a coalgebra (i.e. B = k)), then the comatrix coring AO^X is a Frobenius 
B-coring. 

Proof. (1) Let u : AD^X — > B the unique S-bilinear map such that 

e:-® B AD £ h £ (A, g) . - ® B J)-?L+i Mg (15) 

is the counit of the adjunction (— H^h^A, (£), — ®b A). We have, eAn £ x = u). By |3TH 
Lemma 2.6] and Rafael's theorem ^QJ Theorem 24], the functor -%A : A4b ^ -M £ is 
separable if and only if there exists a S-bilinear map u>' ' : B — > ADcA" satisfying ujouj' — 1b- 
Hence, (1) follows from the definition of a cosplit coring (see ||). 

(2) We know that the unit of the adjunction (— □ e ;h l r(A, C),-8b A) is 

77 : l M t - D g g ~ Dg<?c * - Dch c (A, <£) ® B A . (16) 

By |3*m Lemma 2.6] and Rafael's theorem ^UJ Theorem 24], the cohom functor is separable 
if and only if there exists a €. — C-bicolinear map if)' : h<r(A, C) ®b A — > £ satisfying 
if)' o 6c = l € . We have, A ADcX = (AD^D^X) o [ AD^X AD^D^X ]. 
Let / = [ AD £ £D C X AD € X ] o (AD^'D^X). We have, / o A A a cX = l ADeX , 

A ADff x o f = [[ AD^ A ] o (ADcV')] n c [(^eX) o [ X €D C X ]] 
= (/ ® B An € X) o (AD € X ® B A AD£ x), 
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and 

A AD£ x o / = [(AD £ V) o [ A AD € € ]] D € [[ £D £ X X ] ° (V'Oe*)] 
= (AD £ X ® B /) o (A ADcX ® B AD £ X). 

From the definition of a coseparable coring (see ^H] or |Hj), AD^A 7 " is a coseparable coring. 

(3) We will prove it using [8, 27.13]. Set T = (AD^X)*, A = A A n e x and e = e A n e x- At 
first from j3*Ul Theorem 2.11], (X (8>£ — , Ad^— ) is a Frobenius pair, and then AD^A" ®b — 
is a Frobenius functor. Hence (AUgX) b is finitely generated projective. 
Let us consider the isomorphism 



H : T 



e c (A)* 



4>A,. 



• End e (A) Hom £ (5 ® B A, A) -^->- Hom B (.B, AD^X) AD £ X , 



where </>a,b : e£(A)* *- End(r(A) is the canonical anti-isomorphism of rings defined in 

jHl 23.8]. Then, (by using the following consequence of Proposition 12.31 A = [(5\ £§)# 
A)e A ]n c x), for feT, 



H(f) 



= [B® B AD € X^-An c X](f0B An £ X)Al B® B AD^X -^*AD € X ]^ b (Ib), (17) 

where £ : 1m b ^ — ®b AD^X is the unit of the adjunction (— £g> B A, -D £ J). 
Now, let /, /' e T, a ,b(/ * r f) = 0a,b(/^a)0A >B (/^a). 

#(/* r f) = (^(AiPe*) (#(/)) 

= [505 AD C X AD C X ](/' ® B AD £ X)A(if (/)) 



Finally, let / € T, b E 5 and let 2r : i? - 
i fl (6) = e (6-) for B E B (see jHl 17.8(1)]). 



T be the anti-morphism of rings defined by 



H(b.f) = H{i R {b) * r f) 



On the other hand, 



0a,b(/<Wa,bM&)<*a) [ A ^ ®b A }p € X 



£b(1b) 



0A,B(iji(6)<JA)ncX = [ 5 ®b AD £ X -^U- AD £ X ] (e(fe-) ® B AD C X) A 

= &1aD c X- 

Hence H(b.f) = bH(f). 

The last result is a generalization of jHl Theorem 3.2(1), Theorem 3.5(1)]. 



□ 
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Corollary 2.7. Let bMa be a (B, A)-bimodule such that Ma is finitely generated projective. 
Then 

(1) aM% is a separable bimodule if and only if the comatrix coring M* ®b M is a cosplit 
A-coring. 

(2) If M is a separable bimodule, then the comatrix coring M* ® B M is a coseparable 
A-coring. 

(3) If M is a Frobenius bimodule, then the comatrix coring M* ®_b M is a Frobenius A- 
coring. 

Proof. Define ip : B -> M® A M* by b i-> J27=i be i® e l = E?=i e»®eJ6, where {e u e*} ie{1 _ M 
is a dual basis basis of Ma, and u : M* ®£M^y4byy2Cg>m>— > ip(m) (the evaluation 
map). Then (A, B, aM b , bMa, u>, ip) is a comatrix coring context (see [HI p. 3]). From |3U1 
Proposition 2.8], we have the adjunction (— ® B M, — (gi^M*), in particular, A = M* G a-^b 
is quasi-finite as a right B-(co) module, and the cohom functor is — ®b M. 

(1) It is clear from the definition of a separable bimodule (see j2Z| or JE]), that 
is a separable bimodule if and only if uj is an A-bimodule retraction. 

(2) Let S = End A (M A ). Define A : B -> 5 by 6 (->• A B : M -> M , [m i-> 6m], and 
: — > M ®a M* by s i — ^ Ei s ( e «) ® e i' where {e,, e*}j e {x,...,n} is a dual basis of Ma- <fi 
is an isomorphism of S-bimodule, with inverse map m <S> ^ [a; i— > m^(x)]. It is easy to 
see that ijj = o A. From Sugano's theorem [23 Theorem 1, Proposition 2] (see also fHft. 
Theorem 3.1]), the bimodule M is separable if and only if A is a split extention, i.e., A is 
a -B-bimodule section. However that is equivalent to ip is a 5-bimodule section. 

(3) This is (i. Theorem 3.7(1)]. □ 

3 Applications to equivalences of categories of comod- 
ules 

In this section we will generalize and improve the main results concerning equivalences be- 
tween categories of comodules given in |2H1> PQ and jS]. We also give new characterizations 
of equivalences between categories of comodules over separable corings or corings with a 
duality. 

A functor S : C — * D is called an equivalence, if there exists a functor T : D — >• C 
with natural isomorphisms 77 : 1 — > TS and e : ST 1. We recall from ^3 p. 93] that 
an adjoint equivalence of categories is an adjunction (S,T,rj,e) in which both the unit 
77 : 1 — > TS and the counit e : ST — ► 1 are natural isomorphisms. We have, (S, T) is 
a pair of inverse equivalences if and only if S and T are part of an adjoint equivalence 
(S, T, r), e). The proof is analogous to that of fTj Theorem IV. 4.1]: The "if" part is trivial. 
For the "only if" part, let 77 : 1 —>■ TS be a natural isomorphism, then (Pc,d{&) — T(a).rjc 
for a : S(C) — > D, is a natural transformation in C and D. Since T is faithful and full, 
ip is a natural isomorphism, and T is a right adjoint to S. Therefore the counit of this 
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adjunction e : ST — ■> 1 satisfies T{sD)- r ilT{D) = 1t(o) for every DgD, and consequently 
T{ejj) = (^t(d)) -1 is invertible. Since T is faithful and full, £d is also invertible, and e 
is a natural isomorphism (to show that e is a natural isomorphism we can also use [T7| 
Theorem IV. 3.1]). 

The following result generalizes the case of the category of modules 0] II (2.4)]. 
Proposition 3.1. Suppose that a£, &a, bD and Db are flat. Let X G € A4® and A G 

The following statements are equivalent: 

(1) {—UcX, — DjjA) a pazr o/ inverse equivalences; 

(2) there exist bicomodule isomorphisms 

f : XD S A ^ £ and g : AD C X -> £ 
m and ^M.® respectively, such that 

(a) aX and B A are flat, and ujx,a = Px ®b A — X <S>a Pa is pure in a-M and uja,x = 
Pa ®a X — A® B px is pure in b-M , or 

(b ) <rX and j)A are coflat. 
In such a case the diagrams 

An £ ATJ s A^£Z ^AD £ £ XD S AD £ X CDgX (18) 

AA ~ xa vg 

DD^A = ^A XDajD ^X 

commute. 

If A and B are von Neumann regular rings, or if <£ and D are coseparable corings 
(without <Za and Db are flat), the conditions (a) and (b) can be deleted. 

Proof. Clear from (HDl Lemma 2.6, Proposition 2.7] and the above mentioned consideration. 

□ 

Following pP and jS], we state the following definition. 

Definition 3.2. A bicomodule N G € A4® is called an injector (resp. a cogenerator pre- 
serving, resp. an injector- cogenerator) as a right 2)-comodule if the functor — ®a N '■ 
M. A — > preserves injective (resp. cogenerator, resp. injective cogenerator) objects. 

The version for module categories of the following lemma is given in [21 Exercise 20.8]. 

Lemma 3.3. Let C and D be two abelian categories, and let S : C —>■ D be a functor. Let 
T : D — > C be a right adjoint of S. We have the following properties: 
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(1) If N G D is injective and S is exact, then T(N) G C is infective. 

(2) If N G D is cogenerator and T(N) G C is injective, then S is exact. 

(3) If N G D is cogenerator and S is faithful, then T(N) G C is a cogenerator. 

(4) IfT(N) G C is a cogenerator for some JVgD, then S is faithful. 

If moreover!) is a category with sufficiently many injectives (e.g. ifD is a Grothendieck 
category), then the following property holds: 

(5) S is exact if and only if T preserves injective objects. 

If moreover D is an AB 3 category with generators and sufficiently many injectives 
(e.g. ifD is a Grothendieck category), then the following properties hold: 

(6) S is faithful if and only if T preserves cogenerator objects. 

(7) S is faithfully exact if and only ifT preserves injective cogenerator objects. 

In particular, let N G e be a bicomodule, quasi-finite as a right D-comodule, such 
that a& o,nd bS) are flat. N is an injector (resp. a cogenerator preserving, resp. an 
injector- cogenerator) as a right D-comodule if and only if the cohom functor h^(N, —) is 
exact (resp. faithful, resp. faithfully exact). 

Proof. (1) is [2H1 Lemma 3.2.7]. (2), (3) and (4) are clair from the theorem of Freyd 
[2lH Theorem II. 7.1]. (5) is [231 Theorem 3.2.8]. (6) is an immediate consequence of (3) 
and (4) and the fact that every Grothendieck category has a cogenerator object (see (23 
Lemma 3.7.12]). The "only if" part of (7) is obvious from (1) and (3). The "if" part is an 
immediate consequence of (2) and (4) and the fact that every Grothendieck category has 
an injective cogenerator object (see [221 Lemma 3.7.12]). □ 

The first part of the following is ]B, 23.10]. We think that the proof we give here is 
more clear. 

Proposition 3.4. Let a& be flat and let A G b-M € be quasi-finite as a right (t-comodule. 
Let he(A, — ) be the cohom functor of A. Denote by e<r(A) the coendomorphism coring of 
A. Suppose that e£(A) is flat as left B -module. 

(1) If is flat and e<r(A) is flat as right B-module, and A is an injector- cogenerator as 
a right (L-comodule, then the functors 

-D C€(A) A: M e * {A) ^ M £ , h^A,-) :M £ ^ M e * {A) , (19) 

are inverse equivalences. 

(2) If €. and ec(A) are coseparable corings, and A is a cogenerator preserving as a right 
€-comodule, then the functors of (|19|) are inverse equivalences. 
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Proof. We will prove at the same time the two statements. Let 8 : l M e — > hc(A, -) %A 
be the unit of the adjunction (h £ (A, — ),— ® B A). By [3U1 Theorem 2.3], h £ (A, — ) ~ 
— □chc(A, fit). In the case (1), hc(A, fit) is coflat as a left fit-comodule. We put 2D = 
e«r(A). By [HI Proposition 3.4], <5 A : 2) -> An c h £ (A, fit) is D - D-bicolinear. Therefore, 
— □x>ADg;h(j;(A, fit) ~ — DjjS) is exact. Hence, in the case (1), the functor — D^A is exact 
(since h^(A, — ) is faithful). From the proof of Proposition 12 A( 1 ) . the unit of the adjunction 
(— □ c h c (A, fit), — DsjA) is 



J7 : W- 



□ c h £ (A,£)najA. 



From Proposition 12.31 5a is the unique map making the following diagram commutative 

A 



^AD € £ 

■AD £ (li ( (A,J)DsA). 



By jSHl Lemma 2.6, Poposition 2.7], the counit of the adjunction (— □ c h e ;(A, fit), — DjjA) is 



e : -□ a jAn (£ h c (A,£)- 
and we have the commutative diagram 

h e (A,£) : 



= fitn £ h £ (A, £) 

6 t D e h e (A,£) 

h £ (A, C)D s D h ? (A ' g>DsiAl h c (A, fit)n s AD £ h £ (A, fit). 

Then, ^ e ;n e ;h e ;(A, fit) is an isomorphism. Since — □ ( rh ( r(A, fit) is faithful, is also an iso- 
morphism. Finally, the unit and the counit of the adjunction (— D^h^A, fit), — DjjA) are 
natural isomorphisms. □ 

The first part of the following is contained in ^21 Theorem 3.10]. 
Corollary 3.5. Let b^a be a (B, A)-bimodule such that Ma is finitely generated projective. 

(1) The following statements are equivalent 

(a) A (M*<& B M) is fiat and -® B M : M B — > M m *® bM is an equivalence of categories; 

(b) B M is faithfully flat. 

(2) If M m *®bM ^ s an a } )e ij ian category, and M* ®b M is an A-coseparable coring, then the 
following statements are equivalent 



(a) — ®b M : M.b — > A4 M ® bM is an equivalence of categories; 
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(b) bM is completely faithful. 

Proof. It suffices to take A = M* £ aMb in Proposition E31 □ 

The first part of the following is contained in jSJ 23.12]. We think that the proof we 
give here is more clear. 

Proposition 3.6. Suppose that j^t and bD are flat, and let X £ ^M® and A £ S A^ £ . 

// €a and D b are flat, then the following statements are equivalent 

(1) (— 0<rX, — DxA) is a pair of inverse equivalences; 

(2) A is quasi-finite injector- cogenerator as a right €-comodule, e<r(A) ~ D as corings and 
X ~h € (A,€) in € M®; 

(3) X is quasi-finite injector- cogenerator as a right D-comodule, e®(X) ~ £ as corings 
andA~h s (X,D) m ®M € . 

If moreover €. and D are coseparable or cosemisimple, then (1) is equivalent to 

(4) A is quasi-finite cogenerator preserving as a right <t-comodule, eir(A) ~ D as corings 
and X ~ h c (A, €) in € M®; 

(5) X is quasi-finite cogenerator preserving as a right D-comodule, e^,(X) ~ £ as corings 
and A ~ h®(X, S) in ®M € . 

Proof. At first we will prove the first part. 

(1) =^> (2) By [SOI Proposition 2.9], A is quasi-finite injector as a right (T-comodule, 
and X ~ h c (A, £) in € M®. Therefore, -D C X ~ h £ (A, -) is faithful. By Lemma EHl 
A is quasi-finite injector-cogenerator as a right £-comodule. Finally, by Proposition 12.44 
eg;(A) ~ D as corings. 

(2) => (1) By [HI Proposition 2.9], -D € X ~ h £ (A, -). Hence (1) follows obviously 
from Proposition I3.4f 1). 

(1) -v4> (3) Follows by symmetry. 

Now we will prove the second part. The case "cosemisimple" is obvious from the first 
part. It suffices to show the "coseparable" case. 
(1) =>• (4) Obvious from the first part. 

(4) =>• (1) By [HI Proposition 2.7], -U t X ~ h £ (A,-). Hence (1) follows obviously 
from Proposition I3.4f 2). 

(1) (5) Follows by symmetry. □ 

As an immediate consequence of [3U1 Proposition 2.7] and Proposition 13. 6[ we get the 
two following theorems. 

Theorem 3.7. Suppose that a&, &a, and T>b are flat, and let X £ C A4® and A £ 
S .M C . The following statements are equivalent: 
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(1) (—OtrX, — DsjA) a pair of inverse equivalences with X® and Ac are coflat; 

(2) (AD(T— , XDj)— ) is a pazr of inverse equivalences with and xA are coflat; 

(3) A is quasi-finite injector- cogenerator as a right <£-comodule with X® and A<r are coflat, 
e £ (A) ~ D as corings and X ~ hg(A, €) in € M®; 

X is quasi-finite injector- cogenerator as a right D-comodule with X^> and A^ are coflat, 
ej)(X) ~ € as corings and A ~ hj>(X, 5)) m ®M € ; 

(5) A is quasi-finite injector- cogenerator coflat on both sides, ec(A) ~ D as corings, and 
X ~ h £ (A, t) in £ M®; 

(6) X is quasi- finite injector- cogenerator coflat on both sides, e$>(X) ~ <£ as corings, and 
A ~ h s (X,D) in ®M € . 

Theorem 3.8. Suppose that ^C, £a, and Db are flat, and let X e € M® and A G 
S A^ C . // £ and X) are coseparable or cosemisimple (resp. A and B are von Neumann 
regular ring), then the following statements are equivalent: 

(1) (—0<rX, — DgA) is a pair of inverse equivalences; 

(2) (AD<r— , XDd— ) is a pair of inverse equivalences; 

(3) A is quasi-finite cogenerator preserving (resp. injector- cogenerator) as a right (£- 
comodule, e<r(A) ~ D as corings and X ~ h<r(A, <t) in € M®; 

(4) X is quasi-finite cogenerator preserving (resp. injector- cogenerator) as a right D- 
comodule, e^(X) ~ £ as corings and A ~ h%)(X, D) in ®M € ; 

(5) A is quasi-finite cogenerator preserving (resp. injector- cogenerator) on both sides, 
eg(A) ~ D as corings, and X ~ h c (A, <t) in € M®; 

(6) X is quasi-finite cogenerator preserving (resp. injector- cogenerator) on both sides, 
e%,(X) ~ (£ as corings, and A ~ h®(X,Q) in ^M^. 

Remark 3.9. As a relevant consequence of the last theorem, we can prove the Morita's 
characterization of equivalence 0[ Theorem 22.2]: Let A and B be rings and let 

F : M A — > M B and G : M B — > A^a 
be additive functors. Then the following statements are equivalent 

(1) F and G are inverse equivalences; 

(2) there exists a bimodule aMb such that: 

(a) aM and M# are progenerators (i.e., finitely generated, projective and generators), 
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(b) a Mb is (faithfully) balanced (see p. 60]), 

(c) F~-(g) A M and G ~ Hom B (M, -); 

(3) there exists a bimodule aMb such that: M B is finitely generated projective, aM is 
completely faithful, the evaluation map M* ®a M — > B is an isomorphism, and 
F~-® A M and G ~ Hom B (M, -). 

Moreover in such a case, #M* and MJj are progenerators, and 

F ~ Honu(M* ; -) and G ~ - ®b M*. 

Now, we will study when the category M € for some coring £ is equivalent to a category 
of modules Mb- 

Let £ G b-M € such that is finitely generated projective with a dual basis {e^e*},, 
and let M G .M c . By j^J Proposition 1.4], the canonical isomorphism Hom^(E,M) — > 
M <S> A S* yields an isomorphism Hom£(£, M) — > MD^E*, where the left coaction on S* is 
given by 

A E * : £* -> £ ® A £*, A E *(/) = ^ /(e i(0) )e i(1) ® A e*. 

i 

Moreover, we have an adjoint pair (F, G), where 

F = - ® B Z: M B ^ M € , 

and 

G = Hom £ (£, -) : M c — > M B . 
The unit and the counit of this adjunction are given by: For iV G Mb, 

vn '■ N — > Hom£(£, £g>£ S), ^Ar(n)(w) = n (g>£ it, 

or 

v N : N (N ® B S)D e E*, ^(n) = ^(n ® B e,) ® A e*, 

i 

and for M E M e : 

Cm : Hom<r(£, M) ® B £ -> M, ( M (p ®b «) = <p(u), 

or 

Cm : (AfD c E*) ® B S -> M, 6i/(E m i ® A /,) ® B u) = ^m^w) 

(see [HI Proposition 1.5]). 
Let us define the map 

can : S* ® B S — > £, can(/ ® B u) = /(i4( ))tt(i). 
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From [HI Lemma 3.1], we have can is a morphism of corings. It follows from this that 
can is a £-bicolinear map. Moreover, we can verify easily that for every M 6 M £ , the 
following diagram is commutative: 

(MD £ E*)® B E C - >■ M (20) 

i>M — 
MD £ (E* ® B E) MDgca " > MUeC, 

where ipM is the canonical map. We obtain that if ip^ is isomorphism, for every M G A4 € 
(for example if is flat or if £ is coseparable), then G is fully faithful if and only if can 
is an isomorphism (see fT7\ Theorem IV.3.1]). 

Let us consider the map v : B — > EDcE*, v(b) = J2i^ e i ®a e* {b G B). For every 
N G M.B-, we have the following commutative diagram 

N -(iV® B Ep £ E* (21) 

N® B B N ® BV > N ® B (ED £ E*), 

where i/jn is the canonical map. Let <fi : S — > End^E) be the canonical morphism of 
fc-algebras which define the left action on E (<p(b)(u) := frit) (see Section 1 of [30]). We 

have v : B — — ^ End<r(E) — ED^E* . We obtain that if t/V is an isomorphism, for every 
iV G Mb (for example if E^ is projective or if £ is coseparable), then F is fully faithful if 
and only if is an isomorphism (see ^7J Theorem IV.3.1]). 

Furthermore, if #E is flat or (£ is coseparable, then we have the commutative diagram: 

E = B® B E (22) 

ED C £ - — — ED^E* ® B E. 

Now we are ready to state and prove the following theorem. In the particular case 
where B = End^E), the first part of Theorem is known, see ^21 Theorem 3.2] and [HI 
18.27]. 

Theorem 3.10. Let E G b-M c such that E^ is finitely generated projective. Let F = 
-%E : M-b — > -M £ and G = Hom^E, — ) : A4 € — > M.b- The following statements are 
equivalent: 

(1) (F, G) is a pair of inverse equivalences with a& flat; 

(2) bE is flat, E(r is projective, and can, and the morphism of k-algebras <fi : B — > End(r(E) 
defined by <fi(b)(u) = bu for b G B,u G E, are isomorphisms; 
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(3) a& is flat, Eg; is a projective generator, and the morphism of k-algebras <fi : B — > 
End(r(S) defined by <f>(b)(u) = bu for b G B,u G E ; is an isomorphism; 

(4) bE is faithfully flat, andean is an isomorphism. 

If moreover €. is coseparable, and a£ is projective, then the following statements are equiv- 
alent: 

(1) (F, G) is a pair of inverse equivalences; 

(2) E<r is a generator, and the morphism of k-algebras 4> : B — > End<r(E) defined by 
4>(b){u) = bu for b G B,u G £, is an isomorphism; 

( 3) the morphism of k-algebras <fi : B — > End £ (E) defined by 4>{b) (u) = bu for b £ B,u E T,, 
is an isomorphism, and can zs a surjective map; 

(4) bE is completely faithful, and can is a bijective map. 

Proof. First we will prove the first statement. It is obvious that the condition (1) implies 
the other conditions. 

(2) =>■ (1) That a& is flat follows from #£ is flat and can is an isomorphism of A- 
bimodules. To prove that (F, G) is a pair of equivalences, it is enough to use the commu- 
tativity of the diagrams (J2fl|) and (}2Tf . 

(3) => (1) Follows from the Gabriel- Popescu Theorem (2H1 Theorem 3.7.9], and the 
commutativity of the diagram ()21j1 . 

(4) (1) From can is an isomorphism, it follows that — ®b E) ~ —□£<£, and 
the following diagram is commutative and each of its morphisms is an isomorphism: 

N ® B (£□«££*) ® B E ^® bS * {{N ® B E)D £ E*) ®b £ 

AT ® B (ED £ (E* ® B £)) = (N ® B E)D £ (E* ® B E). 

Then ip^ is an isomorphism (since -%E is faithful). From the commutativity of the 
diagram (|22|). can is an isomorphism, and — ®_b S is faithful, we have v is an isomorphism. 
Finally from the commutativity of the diagram 1)21 p. f at is an isomorphism for every iV G 
-Mb. 

Now we will prove the second statement. Obviously the condition (1) implies the 
condition (4). 

(2) =>- (1) By j3UJ Proposition 2.7], (£*® B — , Edg— ) is an adjoint pair, and furthermore, 
Eg; is generator if and only if EDg— is faithful. From the commutativity of the diagram 
(12211 . and EDg;— is faithful, it follows that can is an isomorphism. Hence (2) follows. 

(3) =>- (2) Since a£ is projective, and can is surjective, can is a retraction in aM.. 
Since €. is coseparable, it follows that can is a retraction in £ .M. Then for every M G .M 8 ", 
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MD(rcan is a retraction in A4k, and from the commutativity of the diagram ()20|). £m is 
surjective for every M G .M 2 ". By [T71 Theorem IV.3.1], is a generator. 

(4) =>■ (3) We have that SD^can is bijective. From the commutativity of the diagram 
(122J) . u®gE is bijective. Since is completely faithful, u and (j) are also bijective. □ 

Remark 3.11. In [01 Proposition 5.6], the authors have a similar version of our second 
statement. They state that if £a is projective, B = Endc(S), and £ is coseparable, then 
(F, G) defined as above is a pair of inverse equivalences. 

In order to give a generalization of Theorem 3.5] and QjJ Corollary 7.6], we need 
the following result. 

First we will recall from (SHI the definition of a coring having a duality. For details we 
refer to [3U]. If £a is flat and M G A4 € is finitely presented as a right A- module, then [SJ 
19.19] the dual left ^-module M* = Hom^M, A) has a left C-comodule structure 

M* ~ Hom c (M, £) C Hom A (M, £) ~ £ ® A M*. 

(/ i — (/ ®a <£) ° Pm-) Now, if aM* turns out to be finitely presented and a£ is flat, then 
*(M*) = Hom^(M*, A) is a right £-comodule and the canonical map om '■ M — > *(M*) is 
a homomorphism in .M . This construction leads to a duality 

{-T:M^ £ M :\-) 

between the full subcategories A4q and € Aio of A4 € and C .M whose objects are the co- 
modules which are finitely generated and projective over A on the corresponding side (this 
holds even without flatness assumptions of (£). Call it the basic duality. 

Proposition 3.12. l.V^ Proposition 3.5] Let €, be an A-coring such that a£ o,nd €a are flat. 
Assume that Ai € and € Ai are locally noetherian categories. If aM* and *Na are finitely 
generated modules for every M G Aif and N G £ .M/ ; then the basic duality extends to a 
right adjoint pair (— )* : A4j € M.f : *(— ). (see flllj for the definition of a right adjoint 
pair.) 

Let £ be a coring over A satisfying the assumptions of Proposition 13.121 We will say 
that <T has a duality if the basic duality extends to a duality 

(-y:Mf±*'M f :*(-), 

where for a Grothendieck category C, Cf stands for the full subcategory whose objects 
are the finitely generated objects. 

For instance, A cosemisimple coring, and a coring € over a QF ring A such that a& 
and €a are projective, are corings having a duality. 

Lemma 3.13. Let N G € Ai® be a bicomodule. Suppose that A is a QF ring. 

(a) If N is an injector- cog enerator as a right D-comodule, then N is an injective cogener- 
ator in MP . 
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(b) IfQ has a duality, and N is an injective cogenerator in MP such that Nb is flat, then 
N is an injector- cogenerator as a right D-comodule. 

Proof, (a) Since A is a QF ring, then Aa is an injective cogenerator. Hence ~ (A ®a 
iV)x) is an injective cogenerator. 

(b) Let Xa be an injective cogenerator module. Since A is a QF ring, Xa is projective. 
We have then the natural isomorphism 

{X ® A AT) Do— ~ X ® A (iVDo-) : S .M -> A<f fc . 

By |SH1 Proposition 3.8], A^ and Xa are faithfully coflat, and then X ®a A" is faithfully 
coflat. Once again by [301 Proposition 3.8] (X <&a N is a flat right S-module), X (gu AT is 
injective cogenerator in M® . □ 

Theorem 3.14. Suppose that a£, £a, b^> and T>b are flat, and let X G C M® and 
A G 33 .M c . //(£ and 2D /iai>e a duality, then the following statements are equivalent: 

(1) (— n<rX, — DoA) is a pair of inverse equivalences with Xb and Aa are flat; 

(2) (ADg— ,X\H$)— ) a pair of inverse equivalences with aX and #A are flat; 
If in particular A and B are QF rings, then (1) and (2) are equivalent to 

(3) A is quasi-finite injective cogenerator as a right <£-comodule with Xb and Aa are flat, 
e<r(A) ~ D as corings and X ~ h ff (A, <£) in € M®; 

(4) X is quasi-finite injective cogenerator as a right D-comodule with Xb and Aa are flat, 
e<s(X) ~ <£ as corings and A ~ ho(AT, D) in ®M € ; 

(5) A is quasi-finite injective cogenerator on both sides, e<r(A) ~ D as corings, and X ~ 
h £ (A, C) m C M S ; 

(6) X is quasi-finite injective cogenerator on both sides, e^{X) ~ € as corings, and A ~ 
h s (X,®) in®M € . 

Proof. The equivalence between (1) and (2) follows from Theorem 13 .7\ and the fact that 
if (— UgX, —Do A) is a Frobenius pair, X® and A^ are coflat if and only if Xb and A^ are 
flat (see the proof of [3T)[ Theorem 3.11]). 

(1) (3) Obvious from Proposition I3.6f . and Lemma 13.131 

(1) ^ (4) The proof is analogous to that of "(1) (3)". 

(5) (3) Trivial. 

(1) =>- (5) Obvious from the equivalence of (1), (2) and (3). 
(1) (6) Follows by symmetry. 

□ 

Remark 3.15. The second part of QjJ Corollary 7.6] (and also the second part of [HI 12.14]) 
is true in a more general context. Let a& be flat. Consider the statements: 
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(1) A G b-M € be quasi-finite as a right C-comodule; 

(2) Hom c (M , A) is a finitely generated left B- module, for every finitely generated comod- 
ule M G 

(3) Hom e; (Mo, A) is a finitely generated projective left S-module, for every finitely gener- 
ated co module M 6M £ . 

We have, (1) =>- (2) holds if B is a QF ring, and the category .M 6 " is locally finitely 
generated, and the converse implication holds if in particular B is a semisimple ring, and 
the category Ai € is locally finitely generated. (1) (3) holds if € is a cosemisimple coring. 
Moreover, for the two cases, if (1) holds, then for every comodule M G Ai € , 

h c (A, M) ~ limHom £ (Mi, A)*, 
i 

where (Mj)j e / is the family of all finitely generated subcomodules of M. 

We will prove at the same time (1) (2) and (1) =r- (3). Let M G Ai^ be a finitely 
generated comodule. We have, h c (A,M )* = Hom B (h c (A, M ), B) ~ Hom £ (M ,A). Since 
the functor — ®bA is exact and preserves coproducts, the cohom functor hc(A, — ) preserves 
finitely generated (resp. finitely generated projective) objects. In particular, li£(A, M ) is a 
finitely generated (resp. finitely generated projective) right S-module, and Honi|r(Mo, A) so 
is. Therefore, h £ (A, M ) ~ h c (A, M )** ~ Hom c (M , A)*. Hence, h £ (A, M) ~ limh^A, Af<) ~ 

limHomir(Mj, A)*, where (Mj)j 6 / is the family of all finitely generated subcomodules of M 

i 

(since the cohom functor preserves inductive limits). 

The proof of the implication (i) =^ (ii) of [23 Proposition 1.3], remains valid to prove 
(2) => (1) and (3) => (1). 

4 Applications to induction functors 

In this section we particularize our results in the previous section to induction functors 
introduced in [Tlj . 

A coring homomorphism ^1] from the coring € into the coring D is a pair (<p, p), where 
p : v4 — ► 5 is a homomorphism of fc-algebras and <p : £ — > 2) is a homomorphism of 
A-bimodules such that 

° f = P ° ec and Aj) o <p = o (y> Cgu V 9 ) ° Ac, 

where : 2) <S>a 2) — > £> ® b 2) is the canonical map induced by p : A — > B. 

Now we will characterize when the induction functor — Cg>^ B : A4 € — > .M 3 defined in 
|141 Proposition 5.3] is an equivalence of categories. The right S)-comodule structure on 
M ®a B is defined by (using Sweedler's sigma notation) 

PM® A B{m <S)Ab) = m (o) ®a 1b ®b <p(ra ( i))&, 
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where puijiri) = J2 m (o) ®a w-(i) is the coaction of a right <£-comodule M. 

We also define the functor — Do(f? ®a <£) : M. € , where the left comultiplicationon 

the left B- module B ® A £ is given by: 

\ B ® A<t : B® a <£^D® b B® a £~®® a <£, b® A c^Y^ M c (i)) ®A c (2 ), 

where A c (c) = ^ c (i) ®a c (2 ). 

Moreover, if A (£ is flat, then we have an adjunction (—® A B, — n^(B<^ A <t)) (see [HJ 24.11]). 

Theorem 4.1. Lei (</?, p) : £ — > 2D fre a homomorphism of corings such that A £ and #25 are 
/to. I/CCa andDs are flat (resp. €. and D are coseparable), then the following statements 
are equivalent 

(a) (— eg) a B, — n$,(B <g) A <£)) is a pair of inverse equivalences; 

(b) the functor — ® A B is exact and faithful (resp. faithful), and there exists an isomor- 
phism of B- corings D ~ B€B. 

Proof. From the proof of [313 Theorem 4.1], — ®a B ~ — ®a B). The use of Propo- 
sition H03 Proposition EH and (HI 23.9] achieves the proof. 

□ 

Corollary 4.2. Let (L be an A-coring. Then the following statements are equivalent 

(a) The forgetful functor U r : A4 —>■ M. A is an equivalence of categories; 

(b ) The forgetful functor Ui : € M. — > A M. is an equivalence of categories; 

(c) there exists an isomorphism of A- corings A ~ <t. 

Proof. It is enough to apply the last theorem to the particular homomorphism of corings 
(ec, 1a) : £ — » A which gives the well-known adjunction (U r , — ®a £), and observing that 
the map At A — + £ defined by [a <g> c <S> a' i— > aca'}, is an isomorphism of corings. □ 

Finally, given a homomorphism of corings, we give sufficient conditions to have that 
the right induction functor is an equivalence if and only if the left induction functor so is. 
Note that for the case of coalgebras over fields (by (b)), or of rings (well-known) (by (d)), 
we have the left right symmetry. 

Proposition 4.3. Let (tp, p) : € — > D be a homomorphism of corings such that A (t, b^>, 
<L A and Db are flat. Assume that at least one of the following holds 

(a) £ and D have a duality, and A B and B A are flat; 

(b) A and B are von Neumann regular rings; 

(c) B ® A <£ is coflat in ®M. and <£ ® A B is coflat in Ai v and A B and B A are flat; 
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(d) £ and D are coseparable corings. 

Then the following statements are equivalent 

1. — ®a B : Ai c — > MP is an equivalence of categories; 

2. B ®a — '■ € M — > ®M is an equivalence of categories. 

Proof. Obvious from Theorem 13 .7\ Theorem 13.81 and Theorem 13.141 □ 

5 Applications to entwined modules and graded ring 
theory 

In this section we particularize our results to corings associated to entwined structures and 
in particular those associated to a G-graded algebra and a right G-set, where G is group. 
As in [3U], we adopt the notations of |2H an d [TU| . 

Let (a, 7) : (A, C, if)) — * (A' , C' , i/j') be a morphism in E'(fc) (see |T0| ) . We recall from 
[3*U] that (a ® 7, a) : A ® C —>■ A' ® C' is a morphism of corings and the functor F defined 
in ^01 Lemma 8] satisfies the commutativity of the diagram 

M(if)) c A _ 0aA , » MW)% 

where — ®aA' : A'!" 4 ®'" — > M A '® C ' is the induction functor defined in Proposition 5.3]. 
We obtain the following result concerning the category of entwined modules. 

Theorem 5.1. Let (0,7) : (A, C,if>) — > (A',C',ip') be a morphism in EJ(fe), such that 
kC and kD are flat. If either (A ® C) A and {A' ® C')a' are flat (e.g., if if) and if)' are 
isomorphisms), (resp. A®C and A' ®C' are coseparable (see 071 Theorem 38(1)])), then 
the following statements are equivalent 

(a) The functor — ®aA' : M(i/j)a — > M(iI)')a> defined in 07^ Lemma 8] is an equivalence; 

(b) the functor — ®a A' is exact and faithful (resp. faithful), and there exists an isomor- 
phism of A' -corings A' <g> C' ~ A' (A <S> C)A ! . 

Proof. Follows immediately from Theorem 14.11 □ 

Now, let G and G' be two groups, A be a G-graded A;-algebra, A' be a G'-graded fc- 
algebra, X be a right G-set, and X' be a right G'-set. Let if) : kX® A — > A®fcA be the map 
defined by [x ® a g ^ a g ® xg}. Analogously we define the map if)' : kX' ® A' — > A' ® kX' . 
Let kG, kG' be the canonical Hopf algebras, and kX, kX' be the canonical grouplike 
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coalgebras (see QUI). From [TUj, we have (kG, A, kX) G DKJ(jfe), (A, kX, G E;(k), and 
M.(kG) k A x ~ gr — (A, X, G). The comultiplication and the counit maps of the coring A®kX 
are defined by: 

A A ®kx(a <g> x) = (a <g> x) (g)^ (1^ <g> x), e A ® k x{a®x) = a (aeA,xeX). 

We recall that the corings A (g A;X and A' (g> fcX' are coseparable. A proof is obtained 
by using Corollary 3.6] and jTHl Proposition 101]. The proofs of the following results 
are based on the results given in Section 6 of [HD]- We refer to for the definitions of 
the terminology used in the following results. 

Let A = A® kX be the X x X-graded A — A-bimodule associated to the (A eg kX) — 
{A (g kX)- bicomodule A (g kX. It is clear that A is isomorphic as a bigraded bimodule to 
Del Ri'o's "A" (see [21] )• The gradings are A x = A ® kx, and = {^V o< (g) | x^ -1 = 
x, Vi, Vg £ G : {a>i)g ^ 0} (a; £ I). 

Corollary 5.2. ( ^J^[ Proposition 2.1]) The following statements are equivalent 

(1) the categories gr — (A,X,G) and gr — (A',X',G') are equivalent; 

(2) there are an X x X 1 -graded A — A 1 -bimodule P and an X' x X -graded A' — A-bimodule 
Q such that 

P® A ,Q ~ A and Q® A P ^ A'. 

Moreover, if P and Q satisfy the condition (2), then —® A P and —® A /Q are inverse equiv- 
alences. 

Proof. Clear from Proposition 13.11 (using the fact that the corings A (g> kX and A' <8> kX' 
are coseparable) and [HOI Corollary 6.5]. □ 

The following result is similar to [23 Corollary 2.4]. 

Corollary 5.3. Let A be a G-graded k-algebra, X be a right G-set, and B be an k-algebra. 
The following statements are equivalent 

(1) the category gr — (A, X, G) is equivalent to M.b', 

(2) the category (G,X,A) — gr is equivalent to bM.; 

(3) there exists an Xq x X-graded B — A-bimodule P, such that Xq is a singleton, P is 
finitely generated projective in M. A , and generator in gr — (A, X, G), and the morphism 
of k- algebras (ft : B — > End gr -( A) x,G)(P) defined by 4>{b){p) = bp for b G B,p G P, is 
an isomorphism. 

Proof. Follows immediately from Theorem 13.101 □ 

In |24| Theorem 2.3], A. Del Rio gave a characterization when (— ® A P, H(P A f, — )) is a 
pair of inverse equivalences. We think that the following result gives a simple characteri- 
zation of it. Our result is also a generalization of Morita's characterization of equivalence 
Remark 13.91 
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Theorem 5.4. Let P be an X x X' -graded A — A'-bimodule. Then the following are 
equivalent 

(1) (— ®aP> H(P y 4', — )) is a pair of inverse equivalences; 

(2) (a) X P is finitely generated projective in M. A for every x G X, and P x > is finitely 

generated projective in a-M. for every x' G X' (resp. and P is a generator in both 
gr - (A', X', G') and {G, X, A) - gr), 

(b) the following bigraded bimodules maps: ip : A — > Yi(P A ',P) defined by ip{a <8> 
x)(p) = a( x p) G P (a G A,x G X,p G P), and i{/ : A' —> E( A P,P) defined by 
ip'(a! ® x')(p) = (p x ')a' G P (a' G A',x' G X',p G P) ; are isomorphisms (resp. are 
surjective maps). 

(3) (a) X P is finitely generated projective in M. A for every x G X , 

(b) the evaluation map 

e^:R(P A ,,A>)® A P^A>, e^,(f ® A P) = f(p) 

(f G H(Pa', A') x ,p G x P, x G X) is an isomorphism, 

(c) the functor —®aP is faithful. 

Proof. From [18, Proposition 1.2], the unit and the counit of the adjunction (— <S>aP, H(Pa', —)) 
are given respectively by r) M ■ M -» H(P A ,,M<$ A P), VM(m)(p) = J2 x ex m x <&a xP 

( m = E x ex m * e M >P = E x exxP e P )> and £ n ■ H(P A ',N)® A P -> N, e N {f ® A 
P) = f( p ) (f e R{P A ,,N) x ,p G x P,x G X). By jHOJ Lemma 6.6(1)], the functor 
H(Pa>,— )) preserves inductive limits if and only if the condition (3)(a) holds. Then by 
[371} Theorem 2.3] (the coring A' ® kX' is coseparable), there is a natural isomorphism 

S : H(P^, -) —® A >H(P A >,A') ■ Set Q = H(P A ,, A'). 

(1) -v^ (3) It follows from Proposition I3.6IT P and Proposition I2.4f 2). 

(1) (2) We can suppose that the condition (2) (a) holds. We have rj 2 '■ M — > 
H(Pa', A® A P), 77^(0 ® x)(p) = (a® :r) <8u = a(l A ® x) <g> A x p = a\ P ( x p) = X P (a( x p)) = 
\p(ip(a <S> x)(p)), (a G A, x G X, p G P). Since 5 is a natural isomorphism, the following 
diagram is commutative: 




H(Pv,P) 

Therefore the unit of the adjunction (— ® A P, —® A Q) is 

J-gr-(A,X,G) *- - (gUA *" - ®aP®A'Q> 
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where ipo is the map ipo : A *" H(Pa' 3 -P) — - *" P®a'Q ■ Hence —®aP is fully faithful if 

and only if if> is an isomorphism. By [HOI Proposition 2.7], (QcSu - , P®a' — ) is an adjoint 
pair. Moreover — ®a'Q is fully faithful fully faithfull if and only if P®a' — is fully faithful, 
if and only if if;' is an isomorphism (see Theorem IV. 3.1]). 

Finally, if the maps if> and if>' defined in (2) (b) are surjective, then, P is a generator in 
gr — (A',X',G') if and only if — ®a'Q is faithful, if and only if P®a' — is faithful, if and 
only if if;' is an injective map (see fTJ Theorem IV.3.1]). By symmetry, P is a generator 
in (G, X, A) — gr if and only if if> is an injective map. □ 

Finally, let / : G — > G' be a morphism of groups, X be a right G-set, X' be a right 
G'-set, if : X — > X' be a map such that ip(xg) = (p(x)f(g) for every g <E G, x E X. Let A 
be a G-graded fc-algebra, yl' be a G'-graded fc-algebra, and a : A ^ A' be a morphism of 
algebras such that a(A g ) C A'^s for every g G G. 

We have, 7 : A;X — ► AX' such that 7(2:) = <p(x) for each 2 G X, is a morphism of 
coalgebras, and (0,7) : (A, kX,if)) — > (A', kX',if)') is a morphism in E*(&). 

Let T^-^i'ijr- (A, X, G) gr - (A', X', G') be the functor defined in [HH p. 
531]. T* makes commutative the following diagram 

gr - (A, X, G) gr - (A', X', G') 

M(kG)f =^ *M(kG') k A ? 

(see Section 6 of [30]). Moreover, we have the commutativity of the following diagram 

(G, X, A) - gr £^=^( G ', X', A') - 
A x M{ifj- 1 ) A '® A ~ > ff'MW)- 1 ) 

kX®Aj^ A'® A - ^ kX'^iA'j^ 

A®kXj^ A'® A - ^ A'^kX'j^ 

A. Del Rio gave in [2H Example 2.6] an interesting characterization when T* is an 
equivalence. Our result gives an other characterization of it. 

Theorem 5.5. The following statements are equivalent 

(1) the functor T* : gr — (A, X, G) — > gr — (A', X', G') is an equivalence; 
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(2) T* is faithful, and the map 

uj : A! ® A A ® A A' -> A', a' ® A (a <g> x) ® A a" i-> a'a(a)a" <g> (p(x)g' 
(a G A, a' G A', x G X,g' G G', a" G A' gl ), is bijective. 

Proof. Let (<p,p) : £ — > 5) be a homomorphism of corings. From the proof of [HJ 24.11], 
the counit of the adjunction (— ® A B, —D^(B ® A £)) is given by 

V>jv : (Nn v (B ® A £)) ®a B —> N, J2 Ui ® ACi ® Ab n iP {e € { Ci ))b 

i i 

{N G .M 23 ). This yields the map: 

u : 5 ® A £ ®A -B -> £>, &' ®A c <gu & i-> ^ & V( c (i))p( e e( c (2)))&, (c G <£, 6, &' G B). 

In our case, the last map is exactly that mentioned in the condition (2). Finally, our result 
follows from Theorem 13.101 □ 

Finally we give the following consequence of Proposition 14.31 

Proposition 5.6. The following are equivalent 

(1) the functor T* : gr — (A, X, G) — > gr — (A', X', G') is an equivalence; 

(2) the functor (T*)' : (G, X, A) — gr — > (G', X', A') — gr is an equivalence. 
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